In this lecture we discuss the basic ingredients for gauge invariant quantum field theories. We give an introduction to the elements of quantum field theory, to the construction of the basic Lagrangian for a general gauge theory, and proceed with the formulation of QCD and the electroweak Standard Model with electroweak symmetry breaking via the Higgs mechanism. The phenomenology of W and Z bosons is discussed and implications for the Higgs boson are derived from comparison with experimental precision data.
Introduction
Relativistic quantum field theory is the adequate theoretical framework to formulate the commonly accepted theory of the fundamental interactions, the Standard Model of the strong and the electroweak interactions [1] [2] [3] [4] . The Standard Model summarizes our present knowledge of the basic constituents of matter and their interactions. It is a gauge invariant quantum field theory based on the symmetry group SU (3) × SU (2) × U (1), with the colour group SU (3) for the strong interaction and with SU (2) × U (1) for the electroweak interaction spontaneously broken by the Higgs mechanism. The renormalizability of this class of theories allows us to make precise predictions for measurable quantities also in higher orders of the perturbative expansion, in terms of a few input parameters. The higher-order terms contain the self-coupling of the vector bosons as well as their interactions with the Higgs field and the top quark, even for processes at lower energies involving only light fermions. Assuming the validity of the Standard Model, the presence of the top quark and the Higgs boson in the loop contributions to electroweak observables allows us to obtain indirect significant bounds on their masses from precision measurements of these observables. The only unknown quantity at present is the Higgs boson. Its mass is getting more and more constrained by a comparison of the Standard Model predictions with the experimental data, preparing the ground for a crucial test at the LHC.
In these lectures we give an introduction to the basic elements of a relativistic quantum field theory in the Lagrangian formulation, involving scalar, vector, and fermion fields, and indicate how to calculate amplitudes for physical processes in perturbation theory with the help of Feynman graphs. The principle of local gauge invariance is explained in terms of the well-known example of Quantum Electrodynamics (QED) with an Abelian gauge symmetry and is then generalized to the case of non-Abelian gauge invariance and applied to the formulation of Quantum Chromodynamics (QCD). In the formulation of the electroweak theory the gauge principle has to be supplemented by the concept of spontaneous symmetry breaking with the help of the Higgs field and by Yukawa interactions, for embedding massive particles in a gauge-invariant way. Excellent textbooks [5] are available for further reading.
The presentation of the structure of the electroweak Standard Model is followed by a discussion of the phenomenology of W and Z bosons and of tests of the electroweak theory at present and future colliders. The accurate predictions for the vector boson masses, cross sections, and the Z resonance observables like the width of the Z resonance, partial widths, effective neutral current coupling constants and mixing angles at the Z peak, can be compared with precise experimental data, with relevant implications for the empirically still unexplored Higgs sector. The present situation of the Higgs sector and expectations for the upcoming experiments are summarized in the final section, together with an outlook on supersymmetric Higgs bosons.
Elements of quantum field theory

Notations and conventions
Natural units (formally = c = 1) are used everywhere. Lorentz indices are always denoted by greek characters, µ, ν, .. = 0, 1, 2, 3. Four-vectors for space-time coordinates and particle momenta have the following contravariant components,
Covariant 4-vector components are related to the contravariant components according to
with the metric tensor yielding the 4-dimensional squares resp. scalar products,
Covariant and contravariant components of the derivatives are used in the following notation,
The quantum mechanical states of spin-s particles with momentum p = (p 0 , p) and helicity σ = −s, −s + 1, · · · , +s are denoted in the conventional way by Dirac kets |p σ>. They are normalized according to the relativistically invariant convention
A special state, the zero-particle state or the vacuum, respectively, is denoted by |0 >. It is normalized to unity,
Lagrangian formalism
The Lagrangian formalism of quantum field theory allows us to accommodate the following basic features:
-space-time symmetry in terms of Lorentz invariance, as well as internal symmetries like gauge symmetries, -causality, -local interactions.
Particles are described by fields that are operators on the quantum mechanical Hilbert space of the particle states, acting as creation and annihilation operators for particles and antiparticles. In the Standard Model, the following classes of particles appear, each of them described by a specific type of fields: -spin-0 particles, described by scalar fields φ(x), -spin-1 particles, described by vector fields A µ (x), -spin-1/2 fermions, described by spinor fields ψ(x).
The dynamics of the physical system involving a set of fields, denoted here by a generic field variable φ, is determined by the Lorentz-invariant Lagrangian L, which yields the action
from which the equations of motions follow as Euler-Lagrange equations from Hamilton's principle,
In particle mechanics with n generalized coordinates q i and velocitiesq i , the Lagrangian L(q 1 , . . .q 1 , . . . ) yields the equations of motion (i = 1, . . . n) d dt
Proceeding to field theory, one has to perform the replacement
and obtains the equations of motion as field equations,
for each field (or field component), which is indicated here by the generic variable φ.
Free quantum fields
Scalar fields
The Lagrangian for a free real scalar field, describing neutral spinless particles with mass m,
yields the field equation according to (7) , known as the Klein-Gordon equation,
The solution can be expanded in terms of the complete set of plane waves e ±ikx ,
with k 0 = k 2 + m 2 . Constituting a quantum field, the coefficients a and the Hermitian adjoint a † are operators that annihilate and create one-particle states (see Appendix A),
The wave functions of one-particle states are given by the amplitudes of the field operator between the one-particle states and the vacuum, < 0|φ(x)|k > = 1 (2π) 3/2 e −ikx , < k|φ(x)|0 >= 1 (2π) 3/2 e ikx , (12) distinguishing between states of incoming (first) and outgoing (second) particles.
A complex scalar field φ † = φ has two degrees of freedom. It describes spinless particles which carry a charge ±1 and can be interpreted as particles and antiparticles. The Lagrangian
yields the field equation (9) as above, but in the Fourier expansion one has to distinguish between the annihilation and creation operators a, a † for particle states |+, k > and b, b † for antiparticle states |−, k >,
where
Whereas wave functions describe free particles without space-time limitations, the important concept of the propagator or Green function is required whenever the propagation from a point-like source at a given space-time point is considered. Such a Green function D(x − y) is a solution of the inhomogeneous field equation
The solution can easily be determined by a Fourier transformation
yielding Eq. (16) in momentum space,
The solution
is the causal Green function or the Feynman propagator of the scalar field. The overall factor i is by convention; the term +iǫ in the denominator with an infinitesimal ǫ > 0 is a prescription of how to treat the pole in the integral (17) ; it corresponds to the special boundary condition of causality for D(x − y) in Minkowski space, which means (see Appendix B) -propagation of a particle from y to x if x 0 > y 0 , -propagation of an antiparticle from x to y if y 0 > x 0 .
In a Feynman diagram, the propagator occurs as an internal line, whereas wave functions (resp. their Fourier transformed in momentum space) are always associated with external lines representing the physical particles in a given process. We introduce the following graphical symbol for the scalar propagator; the momentum k always points into the direction of the arrow which denotes the flow of the charge of the particle (for neutral fields the arrrow is irrelevant).
Vector fields
A vector field A µ (x) describes particles with spin 1. Their states |kλ > can be classified by momentum k and helicity λ = ±1, 0 for massive particles, and λ = ±1 for particles with mass zero.
Massive case. For a given particle mass m, the Lagrangian for the free system ('massive photon'),
yields from (7) (with φ → A ν ) the field equation, known as the Proca equation,
Special solutions are plane waves ǫ
with three linearly independent polarization vectors ǫ
µ , which are transverse and can be chosen as orthogonal and normalized,
and which fulfil the polarization sum
The solutions (22) form a complete set, and the field A µ can be written as a Fourier expansion,
The coefficients are the annihilation and creation operators of particle states,
As in the scalar case, the wave functions of one-particle states are given by the amplitudes of the field operator between the one-particle states and the vacuum,
corresponding to incoming and outgoing states. In momentum space, the wave functions are just the polarization vectors.
The Feynman propagator of the vector field, D µν (x − y), is the solution of the inhomogeneous field equation with point-like source,
By Fourier transformation,
one obtains an algebraic equation for D ρν (k),
The solution is the Feynman propagator of a massive vector field,
As for the scalar propagator in (19) , the factor i is by convention, and the +iǫ term in the denominator corresponds to the causal boundary condition.
Massless case. For particles with m = 0, like photons, the field A µ corresponds to the 4-potential and the Lagrangian is that of the free electromagnetic field,
The field equations are Maxwell's equations for the vector potential,
There are two physical polarization vectors ǫ
for the transverse polarization, with ǫ (1,2) · k = 0. The third solution of (33) with a longitudinal polarization vector ǫ µ ∼ k µ is unphysical; it can be removed by a gauge transformation
The equation for the propagator of the massless vector field follows from (30) setting m = 0:
This equation, however, has no solution since K µρ k ρ = 0, i.e., k ρ is an eigenvector of K µρ with eigenvalue 0, which means that the determinant of K µρ vanishes. It is therefore not straightforward to define a propagator for a massless vector field. Since the basic reason is gauge invariance, the common strategy to overcome this problem is to break the gauge symmetry by adding to L a gauge-fixing term (which in classical Maxwell theory corresponds to choosing a specific gauge). Such a term, widely used for practical calculations and corresponding to the classical Lorentz gauge, has the following form,
where ξ is an arbitrary real parameter, called a gauge-fixing parameter (the choice ξ = 1 defines the Feynman gauge). The accordingly extended Lagrangian
modifies the operator K µρ in momentum space as follows,
and (35) is replaced by the equation,
which now has a solution for the massless propagator, namely
It becomes particularly simple in the Feynman gauge for ξ = 1. Note that adding L fix to the Lagrangian does not have a physical impact since the induced extra terms in the propagator are ∼ k ν and vanish in amplitudes for physical processes: photons always couple to the electromagnetic current j ν , which is a conserved current with ∂ ν j ν , or equivalently k ν j ν = 0 in momentum space.
The graphical symbol for the vector-field propagator (for both massive and massless) is a wavy line which carries the momentum k and two Lorentz indices:
Dirac fields
Spin- 
The dynamics of the free field is contained in the Dirac Lagrangian,
involving the adjoint spinor
The Dirac matrices γ µ (µ = 0, 1, 2, 3) are 4 × 4 matrices which can be written with the help of the Pauli matrices σ 1,2,3 in the following way (the Dirac representation),
They fulfil the anti-commutator relations
The Lagrangian (42) yields the Dirac equation as the equation of motion,
There are two types of solutions, corresponding to particle and anti-particle wave functions,
where the spinors u and v fulfil the algebraic equations
Thereby, the notation a = γ µ a µ applying to any 4-vector a µ has been used. The solutions (48) correspond to momentum eigenstates with eigenvalue p µ . They can further be classified as helicity states with helicity σ = ±1/2 by the requirement
with
The normalization of the spinors is given by
Other useful relations are
Having determined a complete set of solutions of the Dirac equation (46), we can now write the Dirac quantum field as an expansion in terms of these solutions,
where the coefficients are annihilation operators c σ for particles and d σ for anti-particles, as well as creation operators c † σ and d † σ for particles and antiparticles, respectively. In QED, electrons e − are by convention the particles and positrons the antiparticles. Choosing the e ± field as a concrete example, we thus have
There are four types of wave functions, for incoming and outgoing particles and antiparticles,
In momentum space, dropping the (2π) −3/2 factors and the helicity indices, we describe the situations as follows using a graphical notation (k always denotes the physical momentum flowing towards an interaction point for incoming and off an interaction point for outgoing states),
The arrows indicate the flow of the particle charge. Note that for antiparticles the direction of the momentum is opposite to the arrow at the line.
We still have to determine the propagator of the Dirac field, which is the solution of the inhomogeneous Dirac equation with point-like source,
A Fourier transformation to S(k),
transforms the condition (56) into a condition for S(k) in momentum space,
The solution is a 4 × 4 matrix,
where the +iǫ prescription is the causal boundary condition, as for the scalar and vector field propagators. We introduce a graphical symbol for the propagator,
The arrow at the line denotes the flow of the particle charge; the assigned momentum k always points into the direction of this arrow. The propagator appears as an internal line in Feynman diagrams.
Interacting fields
So far we considered only free fields, which are described by Lagrangians that are quadratic in the field variables and yield linear equations of motion. Interaction terms contain higher monomials in the fields, and a full Lagrangian with interaction has the form
where L 0 is the free field part and L int describes the interaction. In general, the resulting non-linear field equations cannot be solved in an exact way. The conventional strategy is perturbation theory with the free fields as starting point, treating the interaction as a small perturbation. This is justified as long as the interaction is sufficiently weak.
A powerful method for obtaining the perturbative amplitudes for physical processes is the expansion in terms of Feynman diagrams. As a concrete and practically useful example, we consider Quantum Electrodynamics (QED), the theory of electron/positron and photon interactions. The QED Lagrangian is given by
where the interaction term
describes the coupling of the electromagnetic current j µ = e ψγ µ ψ to the photon field A µ . The new element is an interaction point, a vertex, which connects the three fields in L int and which is obtained by stripping off the field operators, yielding eγ µ . Also for the vertex, a graphical symbol is introduced with lines connected to a point:
Note that the factor i is a convention. The lines can be either propagators (internal) or wave functions (external) in momentum space. They carry momenta which have to fulfil momentum conservation. Formally, momentum conservation follows via Fourier transformation from the exponentials in the wave functions (27, 55) and the propagators (29, 57 ) when going to momentum space.
Collecting all the information, we give the complete list of Feynman rules for QED, with the photon propagator in the Feynman gauge. For fermions different from e (or µ, τ ), an extra factor for the different charge appears in the vertex, as indicated in the brackets. Helicity indices are suppressed for the wave functions. To obtain the transition matrix element, the amplitude M f i for a physical process |i >→ |f > (see Section 3) , one has the following recipe.
• For a process with given external particles draw all diagrams connecting the external lines by vertices and propagators. The lowest order corresponds to diagrams involving the minimum number of vertices, which determines the power of the coupling constant e in the matrix element.
• Insert the analytical expressions for the wave functions, propagators and vertices from the Feynman rules. The arrangement of spinors is thereby opposite to the arrow at a fermion line.
• Impose momentum conservation at each vertex.
• Sum over all diagrams, paying attention to the relative sign which occurs when two fermion lines are interchanged (according to Pauli's principle).
Note that the factors (2π) −3/2 from each wave function are omitted so far. They are collected globally and reappear in the S-matrix element and the cross section, respectively (Section 3.1) We demonstrate the method for the process of electron-positron annihilation into muon pairs, e + e − → µ + µ − . There is only one Feynman diagram in lowest order, displayed in Fig. 1 . The analytical expression for the amplitude according to this diagram is given by
The momenta with directions are indicated at each line.
Since Q 2 = (p + q) 2 > 4m 2 µ , the iǫ term in the photon propagator is irrelevant and can be dropped. The next-order contribution to M f i , which is ∼ e 4 , contains diagrams with closed loops. Examples are displayed in Fig. 2 . Since inside a loop one momentum is free, not fixed by momentum conservation, loop diagrams involve a 4-dimensional integration over the free momentum (Section 7.2.1). 
Cross sections and decay rates
This section provides the kinematical relations necessary for getting from the matrix elements for physical processes to observable quantities, like cross sections and decay rates.
Scattering processes
For a given scattering process a
is the probability amplitude for the transition from an initial state |a(p a ),
with the δ-function from momentum conservation,
the (2π) −3/2 factors from the normalization of the external wave functions, and with the genuine matrix element M f i derived from the Feynman graphs for the scattering process. The differential cross section for scattering into the Lorentz-invariant phase space element
is given by
The expression in the denominator is the relativistically-invariant version of the incoming flux-normalization factor. As a special example of practical importance, we give the cross section for a two-particle final state a + b → b 1 + b 2 in the centre-of-mass system (CMS), where
and the solid angle dΩ = sinθ dθ dϕ involving the scattering angle θ = p a , p 1 , and the azimuth ϕ with respect to the polar axis given by p a . For high energies, when the particle masses are negligible, one has the further simplification | p 1 | = | p a |.
Particle decays
For a decay process
decay width into the phase space element dΦ is given by
In the special case of a two-particle decay with final-state masses m 1 = m 2 = m one has the simple expression
Gauge theories
The powerful principle of gauge invariance dictates the structure of the interactions between fermions and vector bosons as well as the vector boson self-interactions. It is the generalization of the Abelian gauge symmetry found in Quantum Electrodynamics (QED) to the non-Abelian case.
Abelian gauge theories -QED
QED can be derived by the requirement that the global U (1) symmetry of the Lagrangian for the free charged fermion field ψ, i.e., the symmetry of
under the phase transformation
for arbitrary real numbers α, can be extended to a symmetry under local transformations where α → α(x) is now an arbitrary real function. This necessitates the presence of a vector field A µ and the minimal substitution of the derivative in L 0 by the covariant derivative
yielding a Lagrangian that is invariant under the local gauge transformations
which form the electromagnetic gauge group U (1). As an immediate consequence, the invariant Lagrangian describes an interaction of the vector field with the electromagnetic current (62),
The vector field A µ itself is not yet a dynamical field since a kinetic term is still missing. Such a term can easily be added invoking the expression well known from classical electrodynamics,
which is invariant under the local gauge transformation (74). A µ thus becomes the photon field obeying Maxwell's equations.
Non-Abelian gauge theories
The three basic steps yielding QED as the gauge theory of the electromagnetic interaction:
(i) identifying the global symmetry of the free Lagrangian,
(ii) replacing ∂ µ via minimal substitution by the covariant derivative D µ with a vector field, (iii) adding a kinetic term for the vector field, can now be extended to the case of non-Abelian symmetries as follows.
(i) The given non-interacting system is described by a multiplet of fermion fields with mass m, Ψ = (ψ 1 , ψ 2 , . . . ψ n ) T , and the free dynamics by the Lagrangian
L 0 is invariant under global transformations
with unitary matrices U from an n-dimensional representation of a non-Abelian Lie group G of rank N , depending on N real parameters α 1 , . . . α N . Physically relevant cases are G = SU (2) and G = SU (3), where the fermion fields ψ 1 , . . . ψ n form the fundamental representations with n = 2 and n = 3, respectively.
The matrices U can be written as follows,
with the generators of the Lie group, T 1 , . . . T N . These Hermitian matrices form the Lie algebra
with the structure constants f abc as real numbers characteristic for the group. Conventionally, the generators are normalized according to
(ii) The global symmetry can now be extended to a local symmetry by converting the constants α a in (79) to real functions α a (x), a = 1, . . . N , and simultaneously introducing a covariant derivative in (77), via
involving a vector field W µ , together with a coupling constant g (the analogue of e in QED). Since D µ acts on the n-dimensional column Ψ, the vector field is a n × n matrix and can be expanded in terms of the generators,
In this way, a set of N fields W a µ (x), the gauge fields, enters the Lagrangian (77) and induces an interaction term,
which contains the interaction of N currents j µ a = gΨγ µ T a Ψ with the gauge fields W a µ . The local gauge transformation that leaves L invariant, involves the matrix U ≡ U (α 1 (x), . . . ) and reads as follows,
The gauge transformation for the vector field looks more familiar when written for the components and expanded for infinitesimal α a (x):
The derivative term corresponds to (74) in the Abelian case, the last term is of pure non-Abelian origin.
Note: The construction works in the same way for a multiplet of scalar fields
(iii) The kinetic term for the W fields can be obtained from a generalization of the electromagnetic field strength tensor F µν in (76),
with the N components
Under the gauge transformation (85) the field strength is transformed according to
As a consequence, the trace Tr(F µν F µν ) is gauge invariant,
and provides the non-Abelian analogue of (76) for the kinetic term of the gauge fields W a µ ,
The quadratic part of L W describes the free propagation of the W fields, but there are also cubic and quartic terms describing self-interactions of the vector fields that are determined exclusively through the gauge symmetry:
In the gauge field Lagrangians L W and L A , the vector fields are strictly massless. Mass terms m 2 2 W a µ W a,µ are not invariant under gauge transformations and thus would break the gauge symmetry.
Formulation of QCD
Quantum Chromodynamics (QCD), the gauge theory of the strong interaction, is formulated following the principle of the previous section for the specific case of the symmetry group G = SU (3). The basic fermions are quarks in three different colour states, forming the fundamental representation of the group. They are described by triplets of fermion fields Ψ = (q 1 , q 2 , q 3 ) T for each quark flavor u, d, . . . . The colour group SU (3) has eight generators T a , which in the triplet representation
are expressed in terms of eight 3 × 3 matrices, the Gell-Mann matrices λ a . The covariant derivative, acting on the quark triplets Ψ,
and the field strengths
involve eight gauge fields, the gluon fields G a µ , and the coupling constant of QCD, the strong coupling constant g s , which is commonly expressed in terms of the finestructure constant of the strong interaction,
The Lagrangian of QCD (for a given species of quarks) can then easily be written down according to the rules of Section 4 (see also Ref. [6] ),
It involves the interaction of the quark currents with the gluon fields as well as the triple and quartic gluon self interactions as specified in (93), graphically displayed as Feynman rules for QCD in Fig. 3 . There is also a gauge-fixing term in the Lagrangian for each gluon field (not explicitly written here), which can be chosen in the same way as for the photon field in (36) yielding the same form for the gluon propagators as for the photon propagaor in (40) .
The quark mass m appears in QCD as a free parameter for a given colour triplet. It is different for different quark flavours; its origin is of electroweak nature and will be discussed in the subsequent section.
Note that the Lagrangian above considers only a single species of flavour. For the realistic physical situation of six flavours, one has to introduce a colour triplet for each flavour q = u, d, . . . t and to perform a summation over q, with individual masses m q .
•
• Gluon-Propagator: 
They can be classified by the quantum numbers of the weak isospin I, I 3 , and the weak hypercharge Y . Left-handed fields have I = 1 2 and thus form doublets, right-handed fields are singlets with I = 0. The Gell-Mann-Nishijima relation establishes the relation of these basic quantum numbers to the electric charge Q:
The assignment of the quantum numbers to the fundamental lepton and quark fields is contained in Table 1 for the fermions of the first generation (identical for the second and third generation).
This structure can be embedded in a gauge invariant field theory of the unified electromagnetic and weak interactions by interpreting SU (2) × U (1) as the group of gauge transformations under which 
the Lagrangian is invariant. The group has four generators,
where Y is the Abelian hypercharge, and I a are the isospin operators, forming the Lie algebra
This electroweak symmetry has to be broken down to the electromagnetic gauge symmetry U (1) em , otherwise the W ± , Z bosons would be massless. In the Standard Model, this is done by the Higgs mechanism in its minimal formulation requiring a single Higgs field which is a doublet under SU (2).
According to the general principles of constructing a gauge-invariant field theory with spontaneous symmetry breaking, the gauge, Higgs, fermion and Yukawa parts of the electroweak Lagrangian
are specified in the following way. 
Since the gauge group is semi-simple and contains two factors, there are two independent gauge coupling constants, denoted by g 2 for the non-Abelian factor SU (2) and by g 1 for the Abelian factor U (1). From the field tensors (104) the pure gauge field Lagrangian
is constructed, which is invariant under gauge transformations composed of (85) and (74). Explicit mass terms for the gauge fields are forbidden because they violate gauge invariance. Masses for the vector bosons of the weak interaction will be introduced in a second step below by breaking the electroweak symmetry spontaneously with the help of the Higgs mechanism.
Fermion fields and fermion-gauge interactions. Since the representations of the gauge group are different for fermions with different chirality, we have to distinguish between the left-and right-handed fields. We use the generic notation for the chiral fields,
The left-handed fermion fields of each lepton and quark family with generation index j are grouped into SU (2) doublets and the right-handed fields into singlets,
with the component index σ = ± denoting u-type fermions (+) and d-type fermions (−). Each left-and right-handed multiplet is an eigenstate of the weak hypercharge Y such that the relation (100) is fulfilled (see Table 1 ). The covariant derivative
induces the fermion-gauge field interaction via the minimal substitution rule,
where the index j runs over the three lepton and quark generations (99). Note that the covariant derivatives are different for the L and R fields.
Mass terms are avoided at this stage. They would mix left-and right-handed fields as, for example, in m e (e L e R + e R e L ) and hence would explicitly break gauge invariance. They will be introduced later with the help of gauge-invariant Yukawa interactions of the fermions with the Higgs field. Note that in the genuine Standard Model neutrinos are considered as massless and there are no right-handed neutrino fields.
Higgs field and Higgs interactions.
Here we describe how spontaneous breaking of the SU (2) × U (1) symmetry can be obtained, leaving the electromagnetic gauge subgroup U (1) em unbroken. For this aim, a single isospin doublet of complex scalar fields with hypercharge Y = 1,
is introduced and coupled to the gauge fields via minimal substitution as indicated in (87),
with the covariant derivative for I = 1 2 and Y = 1 given by
The Higgs field self-interaction enters through the Higgs potential with constants µ 2 and λ,
In the ground state, the vacuum, the potential has a minimum. For µ 2 , λ > 0, the minimum does not occur for Φ = 0; instead, V is minimized by all non-vanishing field configurations with Φ † Φ = 2µ 2 /λ. Selecting the one which is real and electrically neutral, QΦ = 0, with
one gets the vacuum expectation value
Although the Lagrangian is symmetric under gauge transformations of the full SU (2) × U (1) group, the vacuum configuration < Φ > does not have this symmetry: the symmetry has been spontaneously broken. < Φ > is still symmetric under transformations of the electromagnetic subgroup U (1) em , which is generated by the charge Q, thus preserving the electromagnetic gauge symmetry.
The field (110) can be written in the following way,
where the components φ + , H, χ have vacuum expectation values zero. Expanding the potential (113) around the vacuum configuration in terms of the components yields a mass term for H, whereas φ + , and χ are massless. Exploiting the invariance of the Lagrangian, the components φ + , χ can be eliminated by a suitable gauge transformation; this means that they are unphysical degrees of freedom (called Higgs ghosts or would-be Goldstone bosons). Choosing this particular gauge where φ + = χ = 0, denoted as the unitary gauge, the Higgs doublet field has the simple form
and the potential (113) reads
The real field H(x) thus describes physical neutral scalar particles, the Higgs bosons, with mass
as well as triple and quartic self interactions with couplings proportional to M 2 H . The couplings to the gauge fields follow from the kinetic term of (111) and give rise to trilinear HW W, HZZ and quadrilinear HHW W, HHZZ vertices.
In order to solve the mass problem for the fermions, Yukawa interactions between the Higgs field and the fermion fields are introduced in addition to get the charged fermions massive. The gaugeinvariant Yukawa term in the Lagrangian, for one family of leptons and quarks, is a compact expression in terms of the doublets
T and the Higgs field Φ and its charge-conjugate
It reads explicitly in terms of the Higgs field components (116)
The fermion mass terms follow from the v part of φ 0 in (117), relating the individual Yukawa coupling constants G l,d,u to the masses of the charged fermions by
In the unitary gauge (117) the Yukawa Lagrangian becomes particularly simple:
As a remnant of this mechanism, Yukawa interactions between the massive fermions and the physical Higgs field occur with coupling constants proportional to the fermion masses.
In the realistic case of three generations, one has to take into account flavour mixing in the quark sector (in the lepton sector, lepton number is conserved and flavour mixing is absent in the minimal model). Quark-family mixing is induced by Yukawa interactions with the Higgs field as before, but the Yukawa couplings are now matrices in generation space with complex entries,
and the generalization of (121) for the quark sector reads as follows, with the notation
The mass term is obtained from replacing Φ by its vacuum configuration, Φ →< Φ > from (115),
This bilinear term in the quark fields can be diagonalized with the help of four unitary matrices V q L,R (q = u, d), yielding the mass eigenstates
as well as the u-and d-type quark masses as diagonal mass matrices,
Introducing the mass eigenstates in the fermion-gauge Lagrangian (109) does not change the flavourdiagonal terms, i.e., the kinetic term and the interaction terms with the neutral gauge bosons, because of the unitarity of the transformations (126). Also the Yukawa interaction of the physical Higgs field with the quarks, when expressed in terms of the quark masses and the mass eigenstates, retains its structure as given in (123). The only modification occurs in the flavour-changing quark interaction with the charged vector bosons in (109) where the insertion of the mass eigenstates for the left-handed quark fields introduces the unitary CKM matrix,
Given the constraints from unitarity, V CKM has four independent physical parameters, three real angles and one complex phase.
For neutrino masses zero, no generation mixing in the lepton sector occurs. It is, however, possible to augment the Standard Model by introducing also right-handed neutrinos and neutrino mass terms in analogy to those of the u-type quark sector allowing for lepton-flavour mixing as well. The general treatment of lepton masses and mixing would, however, go beyond the scope of these lectures (for a discussion of neutrino masses see Ref. [7] ).
Physical fields and parameters. The gauge invariant Higgs-gauge field interaction in the kinetic part of (111) gives rise to mass terms for the vector bosons in the non-diagonal form
The physical content becomes transparent by performing a transformation from the fields W a µ , B µ (in terms of which the symmetry is manifest) to the physical fields
and
In these fields the mass term (129) is diagonal and has the form
The mixing angle in the rotation (131) is determined by
Inserting the rotation (131) into the interaction part of L F in (109) and identifying A µ with the photon field which couples via the electric charge e to the electron, e can be expressed in terms of the gauge couplings in the following way:
The relations above allow us to replace the original set of parameters g 2 , g 1 , λ, µ 2 , G f by the equivalent set of more physical parameters e, M W , M Z , M H , m f , V CKM , where each of them can (in principle) be measured directly in a suitable experiment. At present, all parameters are empirically known with the exception of the mass of the Higgs boson, M H . (109); expressed in the physical field and parameters, they appear as interactions of the electromagnetic current J µ em , the weak neutral current J µ NC , and the weak charged current J µ CC with the corresponding vector fields,
Gauge interactions. The fermion-gauge interactions are part of the fermion-gauge Lagrangian
with the currents
In analogy to the notation for the quark fields in (124), the lepton families are labelled by e i = e, µ, τ for the charged leptons and ν i = ν e , ν µ , ν τ for the corresponding neutrinos. The neutral current coupling constants in (137) are determined by the charge Q f and isospin I
The quantities V ij in the charged current are the elements of the CKM matrix (128), which describes family mixing in the quark sector. Owing to the unitarity of V CKM , the electromagnetic and the weak neutral current interaction are flavour-diagonal. Hence, flavour-changing processes resulting from neutral current interactions can only occur at higher order; they are mediated by loop contributions and are consequently suppressed by additional powers of the fine-structure constant α.
Besides the fermion-gauge interactions, the non-Abelian structure of the gauge group induces self-interactions between the vector bosons. These gauge self-interactions are contained in the pure gauge-field part (105) of the Lagrangian. Expressing the fields W a µ and B µ in (104) resp. (105) by the physical fields A µ , Z µ , and W ± µ yields a self-interaction term with triple and quartic couplings, which by use of the notation F µν = ∂ µ A ν − ∂ ν A µ , Z µν = ∂ µ Z ν − ∂ ν Z µ can be written in the following way,
In the Standard Model the coefficients of the self-couplings are exclusively determined by the gauge symmetry. Deviations from these values could only be of non-standard origin, e.g., as remnants from new physics at some higher mass scale.
Electroweak parameters and precision observables
Before predictions can be made from the electroweak theory, the input parameters have to be determined from experiments. As specified in the previous section, a convenient choice is the set of physical parameters given by the particle masses and the electromagnetic coupling e, which is commonly expressed in terms of the fine-structure constant α = e 2 /4π, a very precisely known low-energy parameter. Apart from the flavour sector with the fermion masses and mixing angles, only three independent quantities are required for fixing the input for the gauge sector and the fermion-gauge interactions. Conveniently, the vector-boson masses M W,Z and α are selected (equivalent to g 1 , g 2 , v).
Lowest-order relations
In the unitary gauge (117), the propagators of the W and Z have the form as given in (31) for massive vector fields, but with a finite width Γ according to a Breit-Wigner shape for unstable particles,
In processes with light fermions as external particles, the k ρ k ν terms are negligible since they are suppressed by powers of m f /M W,Z . The widths become important around the poles, i.e., when the vector bosons can be produced on-shell, like in e + e − annihilation or in Drell-Yan processes in hadron-hadron collisions.
A very precisely measured low-energy parameter is the Fermi constant G F , which is the effective 4-fermion coupling constant in the Fermi model, obtained from the muon lifetime to be [8] 
Muon decay is described in the Standard Model in lowest order by exchange of a W boson between the fermionic charged currents, as shown in Fig. 4 . Consistency of the Standard Model at the muon mass scale much smaller than M W , where the momentum in the W propagator can be neglected, with the Fermi model requires the identification which allows us to relate the vector boson masses to the parameters α, G F , sin 2 θ W and to establish also the M W -M Z interdependence in terms of precise low-energy parameters,
Moreover, it yields the vacuum expectation value expressed in terms of the Fermi constant, also denoted as the Fermi scale,
The relation (141) can be further exploited to express the normalization of the NC couplings in (137) in terms of the Fermi constant,
In this way, the NC vector and axial vector coupling constants of each fermion species to the Z are determined and can be used to calculate the variety of observables at the Z resonance, like Z width and partial widths,
and a series of asymmetries, such as forward-backward asymmetries from the cross sections integrated over the forward (σ F ) and the backward (σ B ) hemisphere,
and the left-right asymmetry from the cross sections σ L,R for left-and right-handed polarized electrons,
all of them being determined by the ratios
with the coupling constants v f , a f given in (138). The asymmetries are particularly sensitive to the electroweak mixing angle sin 2 θ W .
Higher-order contributions
Loop calculations
These lowest-order relations given above, however, turn out to be significantly insufficient when confronted with the experimental data, which have been measured with extraordinary accuracy during the LEP and Tevatron era and require the inclusion of terms beyond the lowest order in pertubation theory. The high experimental precision makes the observables sensitive to the quantum structure of the theory which appears in terms of higher-order contributions involving diagrams with closed loops in the Feynman-graph expansion. These loop diagrams contain, in general, integrals that diverge for large integration momenta, for example in the self-energy diagrams for a propagator, typically
Nevertheless, the relations between physical observables result as finite and testable predictions, owing to the virtue of renormalizability. The possibility to perform such higher-order calculations is based on the formulation of the Standard Model as a renormalizable quantum field theory preserving its predictive power also beyond the tree level. Renormalizability is thereby guaranteed by local gauge invariance of the basic Lagrangian.
The first step to deal with the divergent integrals is a method for regularization, which is a procedure to redefine the integrals in such a way that they become finite and mathematically well-defined objects. The widely used regularization procedure for gauge theories is that of dimensional regularization which is Lorentz and gauge invariant: replace the dimension 4 by a lower dimension D where the integrals are convergent (see Appendix C),
Thereby, an (arbitrary) mass parameter µ is introduced to maintain the mass dimensions of the integrals.
The divergences manifest themselves in terms of poles in the dimension ∼ 1/(4 − D). In renormalizable theories these divergences can be absorbed in the basic parameters of the Lagrangian, like masses and coupling constants. Formally this procedure, called renormalization, is done by introducing a counter term for each parameter [for example m 2 → m 2 + δm 2 for a mass parameter m] which cancels the singularities; the finite part of the counter terms, however, is not a priori fixed and has to be defined by a renormalization scheme. The selection of a renormalization scheme defines the physical meaning of each parameter and its relation to measurable quantities. These relations are then independent of D and thus one can set D → 4.
In pure QCD, considering quarks as massless, the only basic parameter is the strong coupling constant α s . Since there is no intrinsic mass scale, the frequently used scheme is the M S scheme [9] , where the counter term for α s consists only of the singular pole part (together with a universal numerical constant). The coupling is then defined for the chosen mass scale µ in (150), the renormalization scale, and thus becomes a scale-dependent quantity, the running coupling constant α s (µ) (see Ref. [6] ).
The Lagrangian of the electroweak Standard Model involves quite a few free parameters which are not fixed by the theory but have to be taken from experiment. In QED and in the electroweak theory, classical Thomson scattering and the particle masses set natural scales where the parameters can be defined. A distinguished choice for the basic parameters is thus given by the fundamental charge e and the masses of the particles, M Z , M W , M H , m f , and a common choice for the renormalization is the onshell scheme: the mass parameters coincide with the poles of corresponding propagators (pole masses), and the charge e is defined in the classical limit. The on-shell scheme hence defines the counter terms in the following way (see, e.g., Ref. [10] for details):
• The mass counter term δm 2 , for any free mass parameter m, is determined by the condition
where Σ is the self-energy of the corresponding particle, schematically depicted in (149) and yielding a dressed propagator
which by mass renormalization now includes also the mass counterterm. The condition (151) ensures that m 2 still remains the pole of the propapator. 1 • The counter term δe for the electric charge, e → e + δe, is determined by the requirement that e be the electron-photon coupling in the classical limit, i.e., for the electron-photon vertex for real photons, k 2 = 0, and for low photon energy, which has a finite part ∆α = Π γ (0) − Π γ (M 2 Z ) yielding a shift of ∆α ≃ 0.06 in the electromagnetic fine-structure constant α → α(1 + ∆α). ∆α can be resummed according to the renormalization group, accommodating all the leading logarithms of the type α n log n (M Z /m f ) from the light fermions. The result is an effective fine-structure constant at the Z mass scale
It corresponds to a resummation of the iterated 1-loop vacuum polarization from the light fermions to all orders. ∆α is an input of crucial importance because of its universality and remarkable numerical size [11, 12] .
The loop contributions to the electroweak observables contain all particles of the Standard Model spectrum, in particular also the Higgs boson, as, for example, in the vector-boson self-energies
The higher-order terms thus induce a dependence of the observables on the Higgs-boson mass M H , which by means of precision measurements becomes indirectly accessible, although still unknown from direct searches. For more details see Ref. [13] and references therein.
Vector boson masses and Fermi constant
The implementation of higher-order terms can be done in a compact way for the W -Z mass correlation, Therein, the contributions from the loop diagrams to the muon decay amplitude, schematically depicted in Fig. 5 , are summarized by the quantity ∆r = ∆r(m t , M H ), which at one-loop order depends logarithmically on the Higgs-boson mass and quadratically on the top-quark mass. The calculation of ∆r is complete at the two-loop level [14] and comprises the leading terms also at the three-and four-loop level [15] . The prediction of M W from (154) is shown in Fig. 6 [16] . 
Observables at the Z resonance
The NC couplings dressed by higher-order terms can also be written in a compact way, replacing the lowest-order couplings (138) by effective couplings [13] ,
which comprise the higher-order contributions in terms of the form factor ρ f (m t , M H ) and the effective mixing angle sin 2 θ f eff (m t , M H ), being now a fermion-type dependent quantity. Again, their dependence on m t is quadratic, whereas they depend on M H only logarithmically. Nevertheless, the leptonic effective mixing angle is one of the most constraining observables for the mass of the Higgs boson, as shown in Fig. 7 [16] . Like for ∆r, the calculation is complete at the two-loop level [17] and supplemented by 3-and 4-loop leading terms [15] . 
Muon magnetic moment
The anomalous magnetic moment of the muon
provides a precision test at low energies. The experimental result of E 821 at Brookhaven National Laboratory [18] has reached a substantial improvement in accuracy. It shows a deviation from the Standard Model prediction by 3-4 standard deviations depending on the evaluation of the hadronic vacuum polarization from data based on e + e − annihilation as shown in Fig. 8 [12] . For a recent review see Ref. [19] .
The vector-boson self-interaction
The success of the Standard Model in the correct description of the electroweak precision observables is simultaneously an indirect confirmation of the Yang-Mills structure of the gauge boson self-interaction. For conclusive confirmations direct experimental investigation is required. At LEP 2 (and higher energies), pair production of on-shell W bosons allows direct experimental tests of the trilinear vector boson self-couplings and precise M W measurements. From LEP 2, an error of 33 MeV in M W has been reached. Further improvements have been obtained from the Tevatron with currently 31 MeV uncertainty, yielding the world average for the W mass M W = 80.399 ± 0.023 GeV [16] .
Pair production of W bosons in the Standard Model is described by the amplitude based on the Feynman graphs in Fig. 9 (in Born approximation) and higher-order contributions [20] . Besides the t-channel ν-exchange diagram, which involves only the W -fermion coupling, the s-channel diagrams contain the triple gauge interaction between the vector bosons. The gauge self-interactions of the vector bosons, as specified in (139) are essential for the high-energy behaviour of the production cross-section in accordance with the principle of unitarity. Deviations from these values spoil the highenergy behaviour of the cross-sections and would be visible at energies sufficiently above the production threshold. Measurements of the cross section for e + e − → W W at LEP have confirmed the prediction of the Standard Model, as visualized in Fig. 10 [16] .
Global fits and Higgs boson mass bound
The Z-boson observables from LEP 1 and SLC together with M W and the top-quark mass from LEP 2 and the Tevatron, constitute the set of high-energy quantities entering a global precision analysis. Global fits within the Standard Model to the electroweak precision data contain M H as the only free parameter, yielding the results [16] shown in Fig. 11 and an upper limit to the Higgs mass at the 95% C.L. of M H < 157 GeV, including the present theoretical uncertainties of the Standard Model predictions visualized as the blue band [16] in Fig. 12 . Taking into account the lower exclusion bound of 114 GeV for M H from the direct searches via renormalizing the probability shifts the 95% C.L. upper bound to 186 GeV [16] . For similar analyses see Ref. [21] .
The anomalous magnetic moment of the muon is practically independent of the Higgs boson mass; hence its inclusion in the fit does not change the bound on M H , but it reduces the goodness of the overall fit. 
Perspectives for the LHC and the ILC
In the LHC era, further improved measurements of the electroweak parameters are expected, especially on the W mass and the mass of the top quark, as indicated in Table 2 . The accuracy on the effective mixing angle, measureable from forward-backward asymmetries, will not exceed the one already obtained in e + e − collisions [22] . The detection of a Higgs boson would go along with a determination of its mass with an uncertainty of about 100 MeV. At a future electron-positron collider, the International Linear Collider (ILC), the accuracy on M W can be substantially improved via the scanning of the e + e − → W + W − threshold region [23] . The GigaZ option, a high-luminosity Z factory, can provide in addition a significant reduction of the errors in the Z boson observables, in particular for the leptonic effective mixing angle, denoted by sin 2 θ eff , with an error being an order of magnitude smaller than the present one. Moreover, the top-quark mass accuracy can also be considerably improved. The numbers are collected in Table 2 .
An ultimate precision test of the Standard Model that would be possible in the future scenario with GigaZ [24] is illustrated in Fig. 13 . The figure displays the 68% C.L. regions for M W and sin 2 θ eff expected from the LHC and ILC/GigaZ measurements; the small quadrangles denote the Standard Model predictions for a possible, experimentally determined, Higgs boson mass with the sides reflecting the parametric uncertainties from ∆α and the top-quark mass (for ∆α, a projected uncertainty of δ∆α = 5 · 10 −5 is assumed). If the Standard Model is correct, the two areas with the theory prediction and the future experimental results have to overlap. The central values chosen in Fig. 13 are just examples; the main message is the development of the uncertainties. 
Higgs bosons
The minimal model with a single scalar doublet is the simplest way to implement the electroweak symmetry breaking. The Higgs potential of the Standard Model given in (113) involves two independent parameters µ and λ, which can equivalently be replaced by the vacuum expectation value v and the Higgs boson mass M H , as done in (118). The vacuum expectation value v is determined by the gauge sector, as explained in (129) and (143); M H is independent and cannot be predicted but has to be taken from experiment. Thus in the Standard Model the mass M H of the Higgs boson appears as the only free parameter that is still undetermined as yet. Expressed in terms of M H , the Higgs part of the electroweak Lagrangian in the unitary gauge reads as follows: At LEP energies, Higgs-strahlung is the relevant process. The lower limit at 95% C.L. resulting from the search at LEP is 114.4 GeV [8] . From searches at the Tevatron [25] (see Fig. 15 for various mechanisms) the mass range from 162 GeV to 166 GeV has been excluded (95% C.L.). Indirect determinations of M H from precision data yield an upper limit and have already been discussed in Section 7.4. As a general feature, it appears that the data prefer a light Higgs boson.
Theoretical bounds
There are also theoretical constraints on the Higgs mass from vacuum stability and absence of a Landau pole [26] [27] [28] , and from lattice calculations [29, 30] . Explicit perturbative calculations of the decay width for [31] have shown that the 2-loop contribution exceeds the 1-loop term in size (same sign) for M H > 930 GeV (Fig. 16 [32] ). This result is confirmed by the calculation of the next-to-leading order correction in the 1/N expansion, where the Higgs sector is treated as an O(N ) symmetric σ-model [33] . A similar increase of the 2-loop perturbative contribution with M H is observed for the fermionic decay width [34] ,
, but with opposite sign leading to a cancellation of the 1-loop correction for M H ≃ 1100 GeV (Fig. 16 ). The lattice result [30] for the bosonic Higgs decay in Fig. 16 for M H = 727 GeV is not far from the perturbative 2-loop result; the difference may at least partially be interpreted as missing higher-order terms. The behaviour of the quartic Higgs self-coupling λ, as a function of a rising energy scale Q, follows from the renormalization group equation
with the β-function dominated by the contributions from λ and the top-quark Yukawa coupling g t in the loop contributions to the quartic interactions, ratios [36] ). A light Higgs boson, well below the W W threshold, decays predominantly into bb quarks, owing to the largest Yukawa couplings in the kinematically allowed fermionic decay channels. This signal, however, is experimentally unaccessible because it is covered by a huge background of QCDgenerated b-quark jets. Therefore, in the low mass range, the rare decay channel H → γγ has to be selected reducing the total number of events considerably, in spite of the large production cross section, and makes Higgs detection a cumbersome business. For larger masses, M H 140 GeV, the decay modes H → W W, ZZ → 4f make detection relatively easy. The vector-boson fusion channel (third diagram of Fig. 15 ) with subsequent leptonic decay H → τ + τ − is a promising alternative. For completeness we list the (lowest-order) expressions for the dominant Higgs decay rates into fermion and vector-boson pairs, large M A , the h 0 particle behaves like the standard Higgs boson, but its mass is dependent on basically all the parameters of the model and hence yields another powerful precision observable. A definite prediction of the MSSM is thus the existence of a light Higgs boson with mass below ∼ 140 GeV. The detection of a light Higgs boson could be a significant hint for supersymmetry.
The structure of the MSSM as a renormalizable quantum field theory allows a similarly complete calculation of the electroweak precision observables as in the Standard Model in terms of one Higgs mass (usually taken as M A ) and tan β, together with the set of SUSY soft-breaking parameters fixing the chargino/neutralino and scalar fermion sectors [40] . For updated discussions of precision observables in the MSSM see Ref. [41] . in the mass range 200-600 GeV, together with a large value of tan β can provide a positive contribution ∆a µ , which can entirely explain the difference a exp µ − a SM µ (see Ref. [42] for a review). The MSSM yields a comprehensive description of the precision data, in a similar way to the Standard Model. Global fits, varying the MSSM parameters, have been performed to all electroweak precision data [43] showing that the description within the MSSM is slightly better than in the Standard Model. This is mainly due to the improved agreement for a µ . The fits have been updated recently for the constrained MSSM (cMSSM), including also bounds from b → sγ and from the cosmic relic density. 
Outlook
In spite of the success of the Standard Model in describing a large variety of phenomena, at a high level of accuracy on both the theoretical and the experimental side, there is a list of shortcomings that motivate the quest for physics beyond the Standard Model.
A rather direct augmentation is enforced by the need for accommodating massive neutrinos. The Standard Model in its strictly minimal version is incomplete with respect to a mass term for neutrinos. Neutrino mass terms can be added [7] without touching on the basic architecture of the Standard Model. Besides this rather immediate modification one is confronted, however, with a series of basic conceptual problems:
-the smallness of the electroweak scale v ∼ 1/ √ G F compared to the Planck scale M Pl ∼ 1/ √ G N (the hierarchy problem) and the smallness of the Higgs boson mass of O(v), which is not protected against large quantum corrections of O(M Pl ); -the large number of free parameters (gauge couplings, vacuum expectation value, M H , fermion masses, CKM matrix elements), which are not predicted but have to be taken from experiments; -the pattern that occurs in the arrangement of the fermion masses; -the quantization of the electric charge, or the values of the hypercharge, respectively; -the missing way to connect to gravity.
Moreover, there are also phenomenological shortcomings, like missing answers to the questions about -the nature of dark matter that constitutes the largest fraction of matter in the Universe, -the origin of the baryon asymmetry of the Universe.
The class of models based on supersymmetry, briefly addressed in the last subsection 8.4, can at least provide partial answers, e.g., for dark matter, the further unification of forces and hierarchy of mass scales, new sources of CP violation, and can be related to string theory as a candidate for a microscopic theory of gravity. The LHC experiments may soon shed light on our unanswered questions, or may also surprise us with answers to questions we did not ask.
A.3 Dirac field
The Dirac field (53) involves fermionic annihilation and creation operators c σ , d σ , c † σ , d † σ for each momentum k and helicity σ. According to the antisymmetry of fermionic states, all commutators applying to bosonic states in the canonical quantization above have to be replaced by anti-commutators:
(A.8)
B Green functions and causality
We demonstrate, for the example of the scalar field, how the +iǫ prescription in the Fourier representation of the Feynman propagator leads to causal behaviour of particle/antiparticle propagation in space-time. which connects the Green function of the Klein-Gordon equation with the 2-point function of the quantized scalar field and thus with the particle/antiparticle concept obeying causality. As a byproduct, it also explains the extra factor i in the propagator (19) .
C Loop integrals and dimensional regularization
In the calculation of self-energy diagrams the following type of loop integrals involving two propagators appears when the integration is done in D dimensions, denoted by B 0 after removing a numerical factor: (C.
3)
The advantage of this parametrization is a simpler k-integration where the integrand is only a function of k 2 = (k 0 ) 2 − k 2 . In order to transform it into a Euclidean integral we perform the substitution 2
where the new integration momentum k E has a positive-definite metric:
This leads us to a Euclidean integral over k E , is a constant with respect to the k E -integration. This k E -integral is of the general type
of rotational-invariant integrals in a D-dimensional Euclidean space. They can be evaluated using Ddimensional polar coordinates (with the substitution k 2 E = R), For the integral B 0 we evaluate the integrand of the x-integration in (C.3) with help of (C.8) as follows: The remaining integration is elementary and the result can be expressed in terms of logarithms. The explicit analytic formula can be found, for example, in Ref. [10] .
In the expression (C.12) above we have introduced the abbreviation ∆ = 2 ǫ − γ + log 4π (C.14)
for the pole singularity combined with the two purely numerical terms that always go together in dimensional regularization. In the M S renormalization scheme, the counter terms required for renormalization cancel just these ∆ terms appearing in the calculation of amplitudes at the loop level.
